A general numerical tool for the analysis of three-dimensional bimaterial interface cracks is presented in this chapter. The proposed tool is based on a multidomain formulation of the boundary element method (BEM), with the crack located at the interface of the domain. Mixed mode stress intensity factors are computed along the three-dimensional crack fronts using the energy domain integral (EDI) methodology and decoupled via the interaction integral. The capability of the procedure is demonstrated by solving a number of examples. The presentation of an application example, namely the three-dimensional analysis of a fiber/matrix debond interface crack under transverse loading closes the chapter.
Introduction
The overall mechanical properties of composite materials depend heavily on the nature of the bond at bimaterial interfaces. Unfortunately, interfacial delamination and fracture are commonly observed problems that may ultimately limit the use of these materials, which range from ceramic and metal matrix composites for the aerospace industry to nanoscale structures for microelectronics applications. The need to improve their fracture toughness has led to significant progress in the area of interfacial fracture mechanics. During the past few decades, comprehensive analyses have been carried out, and many questions regarding the mechanics of interface fracture have been answered. However, progress has been generally focused in the two-dimensional idealization of an interface crack, and limited work has been conducted on the three-dimensional aspect of interface fracture. This is in part due to the extreme complexity of such problems and the very large computational efforts required for their numerical analysis. However, given the material mismatch at the interface boundary, it is expected that the three-dimensional effects play a more significant role in a bimaterial structure than in a homogenous structure.
Crack tip field and bimaterial interfaces 2.1 Singular stress field
Consider the plane problem of an open interface crack between two dissimilar isotropic materials as shown in fig. 1 . For convenience, we adopt a local polar coordinate system centered at the crack tip, and we label the material occupying the upper half-plane as material 1 with Young modulus E 1 and Poisson ratio ν 1 . The material occupying the lower half-plane has Young modulus E 2 and Poisson ratio ν 2 . The stress field very close to the crack front corresponds to the asymptotic field based on the two-dimensional solutions due to Williams [31] . The form of the bimaterial stress field given by Rice, Suo and Wang [32] (with the addition of Mode III) is
where r and θ are the in-plane coordinates of the plane normal to the crack front (see fig. 1 ), K is defined as the complex stress intensity factor for the in-plane modes, K = K I + iK II , andσ ij are the angular variations of stress components for each mode (The explicit form of the asymptotic stress and displacement components are given in Appendix A). The oscillatory index ε is:
Here, κ α = 3−4ν α for plane strain and κ α = (3−ν α )/(1+ν α ) for plane stress, µ α = E α /2(1+ν α ) is the shear modulus, and the subscripts α = 1, 2 refer to the materials above and below the crack plane, respectively. Furthermore, β is one of Dundurs' parameters. In two-dimensional problems, www.witpress.com, ISSN 1755-8336 (on-line) the solution can be characterized by the two Dundurs' parameters, and they are defined as [33] :
Unlike the two-dimensional cases, the above parameters are not sufficient to characterize the full-field deformation of three dimensional boundary value problems. Note that a bimaterial combination yields different Dundurs parameters under plane-strain and plane-stress conditions.
Near tip contact zone
The elasticity solutions of the interface crack have an interesting history. The early solutions for the problem (for references see Gautesen and Dundurs [34] ) were based on the conventional assumption that the tips of the crack are open, or, in other words, that there is a direct transition from the bond between the two materials to the free crack faces. It was pointed out by England [35] , and Malyshev and Salganik [36] , however, that those solutions were contradictory because according to the oscillatory solution by Williams [31] , they led to negative gaps between the crack faces in parts of the crack. The zone over which the solution predicts overlapping of the crack faces is very small in comparison with the length of the crack for tensile loading, but Willis [37] found later that overlapping is predicted over a large part of the crack for shear loading. The longstanding dilemma was resolved by Comninou [38, 39] who showed that the solutions for the interface crack must allow for a contact zone at the crack tips.
Linear elastic fracture mechanics procedures (i.e. characterizing crack growth in terms of K I + iK II ) are valid when the inevitable nonlinear contact zone at the crack tip is sufficiently small [40] . An elementary estimation of the contact zone size, assuming that it is small compared to crack size, is given by finding the largest distance r c from the crack tip for which the opening gap between the crack faces vanishes. Assuming that ε > 0 (if not we can just exchange the labels "1" and "2") and based on the displacement asymptotic fields due to Williams [31] , Rice [40] proposed the following expression for computing r c :
where L stands for the crack length and ϕ gives the direction of the remote traction vector as illustrated in fig. 1 . An interesting checking of the adequacy of this estimation can be found in Paris et al. [16] , showing that contact zone is smaller than the interpenetration zone.
In general, ε increases with the increase of stiffness ratio µ 1 /µ 2 . For example, if we take the material combination given by cork (with ν ≈ 0) and alumina (Al 2 O 3 ) so that µ 1 /µ 2 ≈ 0, then ε yields its largest feasible value (at least for solids with ν ≥ 0), namely, ε = 0.175. Representative values of ε are considerably lower for various combinations of interest for practical metal and nonmetal interfaces. For example Hutchinson et al. [41] give ε = 0.039 for Ti/Al 2 O 3 , ε = 0.028 for Cu/Al 2 O 3 , ε = 0.019 for Nb/Al 2 O 3 , ε = 0.011 for Si/Cu, ε = 0.005 for MgO/Ni, and ε = 0.004 for Au/MgO based on the elastic parameters that they tabulated.
If one adopts r c /L < 0.01 as a suitable restriction on r c so that the small scale contact zone concept may be applied, that is, so that the field may be regarded as being characterized by the complex K, then one requires ϕ > −π/2 + 4.605ε [40] . Thus, is required for validity of the linear elastic fracture mechanics approach outlined above that ϕ > −50 deg when ε = 0.15, ϕ > −77 deg when ε = 0.05, and ϕ > −87 deg when ε = 0.01. These restrictions will generally be met in practical cases for which there are some nonnegligible tensile component of the loading relative to the crack [41] .
Let ϕ be in the range −π/2 < ϕ < π/2, so that some tensile component always acts. Since ε is typically small, r c /L is a rapidly varying function of ϕ and is very much smaller than unity over most of the range cited above, including say, −π/4 < ϕ < π/2. It will not remain small for any ε > 0 when ϕ approaches −π/2.
Three-dimensional energy release rate
Based on energy arguments, the relationship between the energy release rate G (or the equivalent J -integral in the case of an elastic medium) and the stress intensity factors of an interface crack is, [42] :
Here, E * and µ * are the average/effective plane-strain tensile modulus and shear modulus of the two materials, respectively, and they are:
Phase angles
The relative value of the stress intensity factor components along the crack front may play an important role in the initiation and direction of interface crack growth. It is convenient to define their relative magnitude in terms of nondimensional phase angles [42] . The first phase angle has www.witpress.com, ISSN 1755-8336 (on-line) been defined and employed in two dimensional studies as:
Here, L is a reference/characteristic length (typically the crack length) and K is the complex stress intensity factor. Note that for nonzero ε, this phase angle is a function of L. However, for small ε, the phase angle essentially represents the relative strengths between K I and K II .
In three-dimensional situations K III is generally nonzero, and an additional phase angle is necessary to express the relative strength of antiplane deformation. The second phase angle may be introduced as
The above form of the second phase angle is consistent with the relationship between G and stress intensity factors given in eqn (5). Suppose we imagine a coordinate system formed by three orthogonal axes:
Then the length of a vector from the origin to a point in such a coordinate space equals √ G. Thus, ψ and φ are the standard spherical angles representing the directions of the vector in such a coordinate system. Unlike the first phase angle, the second phase angle φ is always independent of the characteristic length.
J -integral and stress intensity factor computation
The details of the EDI and M 1 -integral formulations for the computation of the mixed-mode stress intensity factor in three-dimensional interface cracks are presented in this section. The EDI is derived by applying the divergence theorem to Rice's J -integral [3] , and by incorporating an auxiliary function q that produces an integral defined over a finite volume enclosing some portion of the crack front. If the auxiliary function q is interpreted as a virtual crack front advance, the EDI can be assimilated to the virtual crack extension technique [43] , but with the advantage that only one computer run is necessary to evaluate the point wise energy release rate along the complete crack front. On the other hand, the M 1 -integral methodology is based on the superposition of two equilibrium states, given by the actual problem and a set of auxiliary known solutions. The appropriate choice of the auxiliary fields allow for the decoupling of the mixed-mode stress intensity factors.
The energy domain integral
Consider a three-dimensional crack front with a continuously turning tangent as depicted in fig. 2(a) . Define a local coordinate system x * at position η, where the crack energy release rate is evaluated, given by x * 1 normal to the crack front, x * 2 normal to the crack plane, and x * 3 tangent to the crack front.
Following Natha and Moran [44] , the general crack-tip contour integral along three-dimensional crack front takes the form (see fig. 2 ) where w is the strain energy density, σ * ij and u * i,1 are Cartesian components of stress and displacement derivatives expressed in the local system x * , δl(η) is the local crack extension, n j is the unit vector normal to the contour C (which lies in the x * 1 −x * 2 plane), and dC(η) is the differential of the arc length C (see fig. 2(a) ). It is worth noting that, although eqn (9) comes from a two-dimensional analysis, it applies for the three-dimensional case, as in the limit as C → 0, plane strain conditions prevail so that three-dimensional fields approach the plane problem.
In order to derive the equivalent domain representation of eqn (9), we consider a small segment L c of the crack front that lies in the local x * 1 − x * 3 plane as shown in fig. 2 (b). Next we assume that the segment undergoes a virtual crack advance in the plane of the crack, and we define the magnitude of the advance at each point η as a(η). We note that a(η) varies continuously along L c and vanishes at each end of the segment. Now let:
where I (η) is the integral defined in eqn (9) . When I (η) belongs to the point-wise energy release rate,Ī gives the total energy released when the finite segment L c undergoes the virtual crack advance.
The appropriate domain form of the pointwise crack-tip contour integral can be obtained from eqn (10) by considering a tubular domain V surrounding the crack segment (see fig. 3 ). As shown in the figure, the surface S t is formed by translating the contour C along the segment L c , and S o stands for the outer surface of V including the ends. Next an auxiliary function q is introduced, which is sufficiently smooth in V and it is defined on the surfaces of V as follows:
Finally, in the limit as the tubular surface S t is shrunk onto the crack segment L c ; and in the absence of crack face tractions, we obtain the domain integral: In the evaluation of the energy release rate, in the absence of body forces the integral given by eqn (12) reduces to the domain representation of the familiar J -integral. A simple relationship between J (η) and the point-wise crack-tip integral I (η) can be obtained if it is assumed that I (η) is constant along the segment L c . It follows directly from eqn (10) that:
The interaction integral
In this section, the interaction or M 1 -integral methodology for decoupling three-dimensional mixed-mode stress intensity factors is presented. The M 1 -integral is based on the principle of superposition. Let us consider two equilibrium states with field variables denoted by the superscripts (1) and (2), respectively. Superposition of the two equilibrium states leads to another one, (1 + 2). Then the stress intensity factors K (1+2) j can be written as:
The stress intensity factors can be related to the J -integral for the superimposed state (1 + 2) using eqn (5) , that results in:
where E * and µ * are the effective Young's and shear modulus defined in Section 2, and ε stands for the bimaterial constant defined in eqn (2) . Equation (15) can be rewritten in terms of the stress intensity factors for the equilibrium states (1) and (2), to give:
I K
III .
Then, the M 1 -integral is defined as:
Using eqn (12) a domain representation of the M 1 -integral can be obtained as follows:
For the decoupling of the mixed-mode stress intensity factors, the problem under consideration is selected as equilibrium state (1), so that the field variables σ * (1) ij and u * (1) j,k will be obtained in this work from the results of a boundary element analysis. On the other hand, the plane-strain solutions for the asymptotic crack-tip fields introduced in Appendix 1 with prescribed stress intensity factors K I , K II and K III , are selected as equilibrium state (2) . Then the field variables related with the equilibrium state (2), σ * (2) ij , u * (2) j,k and ε * (2) ij are calculated from these asymptotic solutions. Finally the M 1 -integral defined in eqn (18) can be calculated, using the field variables related with the equilibrium states (1) and (2) . By using three sets of asymptotic solutions, (K (2)
, it is possible to obtain the stress intensity factor solutions for individual modes from eqn (17) as follows:
where M a 1 , M b 1 and M c 1 are the values of the M 1 -integral calculated using the three sets of asymptotic solutions.
It is important to point out that the present implementation of the M 1 -integral approach is only valid for straight crack fronts. For the application of the M 1 -integral along curved crack fronts extra terms need to be included in eqn (18) , [28] . At the same time it is worth to note that because the M 1 -integral is based upon the assumption that the near-crack tip fields is asymptotic to the plane strain fields, it is not strictly applicable at the intersection of the crack front with a free surface. It turns out that at the intersection of the crack front and the free surface, the singularity in the stress field is more severe than the usual 1/ √ r singularity [45, 46] . The performance of the proposed methodology at the intersection of the crack with the free surface will be discussed later in the Examples section of this chapter.
Boundary element analysis
In this section the multidomain BEM formulation and its implementation for the computation of the EDI and M 1 -integral are presented. The proposed BEM formulation makes use of multiple domains in order to account for the nonhomogeneous material properties. The computation of the EDI and M 1 -integral are included in the BEM code as a post-processing procedure, and so it could be applied to the results from a particular model at a later stage. The required stresses, strains and www.witpress.com, ISSN 1755-8336 (on-line) derivatives of displacements at internal points are directly obtained from their boundary integral representations.
Due to the restriction in space it is not possible to give here a full description of the BEM implementation, but to focus on those aspects relevant to the EDI and M 1 -integral implementation. For further details on the BEM formulation and implementation the reader is referred to the book by Brebbia, Telles and Wrobel [47] .
Multidomain BEM formulation
Considering a body with domain (X ) surrounded by a boundary (x) (see fig. 4 (a)), the displacement boundary integral equation relating the boundary displacements u(x) with the boundary traction t(x) in the absence of body forces can be written for three-dimensional problem as:
where T * ij (x , x) and U * ij (x , x) are, respectively, the fundamental displacement and traction solutions due to a unit load placed at a location x . These solutions are provided in [47] .
As usual in BEM the discretization is based on a suitable piece-wise parametric representation that approximates the model geometry and all the field variables. In this work 9-noded isoparametric quadrilateral elements are used for the boundary discretization (see fig. 5 ). Displacement and traction components are approximated over each element by products of the interpolation function and the nodal values u k i and t k i . These are given by:
and The expressions for the shape functions and further details on the element formulation can be found in [48] . Because eqn (20) is derived for a homogeneous material, a multidomain technique is used to solve the interface crack problems. As shown in fig. 4 (b), the whole domain is divided into two domains I (X ) and II (X ), which are both homogeneous. The boundary element technique is applied to each domain resulting in the following matrix equations
for domain I, and
for domain II. Matrices H and G in eqns (22) contain integrals of the kernel functions T * ij (x , x) and U * ij (x , x) respectively, while u and t are vectors with the nodal displacements and tractions on the boundary. Here the subscript 2 indicates the common interface boundary 12 of each domain (see fig. 4 ), while subscript 1 stands for the rest of the boundary. If the equilibrium and continuity conditions are enforced at the common interface it gives
and t
Incorporating eqns (23a) and (23b) into eqns (22a) and (22b) results, in absence of contact zones, in the following matrix equations:
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The problem boundary conditions are then applied to the system of eqn (24) . If the displacements are known on a certain portion of the model boundary, the traction can be found and vice versa. This implies that the system (24) can be reordered in such a way that all the unknowns are written on the left hand-side vector resulting in:
where x is the vector of unknown displacement and traction boundary values including the common interface. The analysis of boundary values problems frequently involves domains that possess symmetry of the geometric configuration and material properties. For such cases, conventionally, only the symmetric portion of the domain is analyzed by prescribing appropriate symmetry boundary conditions along the symmetry plane. In the BEM however, it is possible to implement a procedure for modeling symmetric domains that does not require the modeling of the contour on the planes of symmetry. This procedure redounds in both computer memory savings and numerical efficiency for the BEM implementation. At the same time, loadings that act on a symmetric domain can always be decomposed into a symmetric and antisymmetric part. It is therefore possible to analyze the response of a symmetric object under arbitrary loadings by discretizing only the symmetric part of the domain. Note that since it is not necessary to impose the appropriate boundary conditions on the boundary nodes lying at the intersections of the planes of symmetry and the boundary surface, a single treatment can handle both the symmetric and the antisymmetric loadings comprising the total external loading. Conversely, when the plane of symmetry is explicitly discretized a different set of boundary conditions must be applied corresponding to the symmetric and antisymmetric constituents. Since most of the problems analyzed in this work possess geometric symmetries, the BEM presented above is formulated to handle them implicitly. Due to space restrictions the details of the implementation cannot be given here. For a comprehensive description of the procedure the reader is referred to the work by Kaijevic and Saigal [49] .
Displacement derivatives, stresses and strains

Internal points
As has been stated in Section 3, the computation of the J -integral and the application of the M 1 -integral methodology requires the stress and displacement derivative fields σ * ij and u * j,k to be known within the integration volume V . Although these quantities must be expressed in the local crack-front coordinate system x * , in this work, and for the sake of simplicity, they will be firstly computed in the global system x and later transformed to the local system x * . Bearing this in mind, and in order to integrate the computation of the fracture parameters into the BEM formulation, derivatives of the displacements at internal points X are obtained from their boundary integral representations. The integral equation for the displacement derivatives results from the analytical differentiation of the internal counterpart of eqn (20) :
where the terms U * ij,m and T * ij,m are the derivatives of the fundamental displacement U * ij , and traction T * ij solutions, and the boundary corresponds to that of the zone where the point X lies.
Once the displacement derivatives u i,m are known, stresses σ ij and strains ε ij can be computed using the basic continuum mechanics relationships:
Boundary points
Displacement partial derivatives u i,m at boundary nodes could be obtained from eqn (26), by taking the limit as point X moves to the boundary, i.e. X → x . However, this procedure is computationally expensive because of the occurrence of hypersingular integrands. To avoid this difficulty, stresses and strains, as well as the displacements on the model surface are evaluated in this work from the boundary displacements and tractions. Consider with this purpose a local Cartesian system, (x 0 1 , x 0 2 , x 0 3 ) such that x 0 3 is the unit vector in the normal direction to the boundary element (see fig. 6 ). If u 0 j , ε 0 ij , σ 0 ij and t 0 j are the displacements, strains, stress and tractions in the local system, stress components in the normal direction can be written as: σ
The remaining stress tensor components, σ 0 11 , σ 0 12 and σ 0 22 can be expressed in terms of t 0 3 and the tangential strain tensor components ε 0 11 , ε 0 12 and ε 0 22 , by eliminating ε 0 33 from the general expression of Hooke's law. Thus, 
Strain components ε 0 ij can be found using eqn (27) , now applied in the local coordinate system. It is worth nothing that displacement derivatives in eqn (27) are initially evaluated in the intrinsic Figure 6 : Local Cartesian system for boundary stress calculation.
www.witpress.com, ISSN 1755-8336 (on-line) element directions (ξ 1 , ξ 2 ) and then converted to the local coordinate system x 0 , since boundary displacements are given in terms of the piecewise parametric representation (shape functions) of intrinsic coordinates.
Finally, the nine components of the partial displacement derivatives u * j,m are computed. Using chain differentiation, derivatives of the displacements in the global system u j,m , are related to the derivatives of the displacements with respect to the intrinsic boundary element directions ∂u i /∂ξ j as follows:
where ∂x k /∂ξ j is the Jacobian matrix of the transformation. It can be seen that eqn (31), once expanded, yields a set of six equations with the nine derivatives u i,k as unknowns. Three of these unknowns u 1,1 , u 2,2 and u 3,3 , can be directly calculated from the strain tensor components ε 11 , ε 22 and ε 33 , respectively by using eqn (27) . This leaves the system with six unknowns, which can be further reduced to three if the values of ε 11 , ε 12 and ε 13 are substituted in eqn (27) and then replaced in the system of equations. Finally, the three remaining unknowns are calculated using a set of three equations taken from the system generated by eqn (31) . It is worth noting that, since one or more of the derivatives ∂u k /∂ξ j can become simultaneously zero depending on the element orientation and shape, the selection of the three equations cannot be arbitrary, being then necessary to make a special selection in each case.
Boundary element implementation
The computation of the J -integral and stress intensity factors via the M 1 -integral methodology were implemented in the BEM code as a post-processing procedure, and so it could be applied to the results from a particular model at a later stage. As has been stated in Section 2, expressions (12) and (18) allow the computation of J -integral and the mixed-mode stress intensity factors at any position η on the crack front to be carried out. In each case, this requires the evaluation of a volume integral within closed domains that enclose a segment of the crack front L c . A natural choice here is to make η coincident with the element nodes on the crack front, while L c is taken as the element or element sides at which points η lies (see fig. 7 ). The portion of the model domain in which the volume integrals are evaluated is discretized using 27-noded isoparametric (brick) cells, over which stresses, strains and displacements derivatives are approximated by products of the cell interpolation functions i and the nodal values of σ ij , ε ij and u i,j . Nodal values of this variable are computed following the procedures introduced in Sections 4.2.1 and 4.2.2 depending on whether the node is internal or lies on the model boundary. Volume discretization is designed to have a web-style geometry around the crack front, while the integration volumes are taken to coincide with the different rings of cells. This is illustrated in fig. 8 , where the frontal face of the model has been partially removed to show the crack and the integration domains.
As depicted in fig. 7 , three different cases need to be considered, depending on whether the node of interest M is in the middle of an element side (mid-node), it is shared by two elements (corner node), or it is located coincident with the external surface (surface node). If the node M is a mid-node or surface node, L c (the segment of the crack front over which the M 1 -integral is computed) spans over one element, connecting nodes M − 1, M , and M + 1 and nodes M − 2, M − 1 and M , respectively. On the other hand, if M is a corner node, L c spans over two elements, connecting nodes from M − 2 to M + 2.
In this work q is defined to vary quadratically in the directions tangential and normal to the crack front. This bi-quadratic definition of q has been employed with excellent results in the computation of EDI for cracks in homogeneous materials in a previous work by one of the authors [25] . Within this approach, and considering that the evaluation point η is at the middle of the crack front segment L c , and r 0 is the radius of the integration domain, the function q is written as:
where r is the distance from the crack front in the x * 1 − x * 2 plane as depicted in fig. 2. www.witpress.com, ISSN 1755-8336 (on-line)
Function q is specified at all nodes within the integration volumes. Consistent with the isoparametric formulation, these q-values are given by:
where i are the shape functions defined within each volume cell and Q i are the nodal values for the ith node. From the definition of q (see eqn (11)), Q i = 0 if the ith node is on S 0 , while for nodes inside V , Q i are given by interpolating between the nodal values on L c and S 0 . Following standard manipulations:
where ζ k are the coordinates in the cell isoparametric space and ∂x k /∂ξ j is the Jacobian matrix of the transformation. If Gaussian integration is used, the discretized forms for the J -integral in eqn (12) , and the M 1 -integral in eqn (18) are given by:
and
respectively, where m is the number of Gaussian points per cell, and w p are the weighting factors.
Examples
In this section the accuracy of BEM formulation and J -integral and stress intensity factor computations are assessed by considering a number of examples. The first examples have two-dimensional characteristics or deal with homogeneous materials (namely the embedded circular crack in a cylindrical bar and the panel with a center slant crack) in order to allow comparisons with results from the bibliography. Finally, an example with three-dimensional characteristics (a thick center-cracked bimaterial panel) is presented and the results discussed.
An external circumferential crack in a cylindrical bar
In order to start with the validation process an example containing a crack under pure Mode-I and Mode-III fracture modes is solved first. The example is depicted in fig. 9 (a) and consists on an external circumferential crack in a cylindrical bar subjected to remote tension σ and torsion T . The radius of the bar is b = 5a; and its height h = 24a, where a is the crack depth. Due to the symmetry in the model geometry, only one quarter of the problem is considered for the analysis of both load cases. The model is discretized using two zones as illustrated in fig. 9 (b), and table 1 at two positions on the crack front: for a point located coincident with the symmetry plane, θ/(π/2) = 0, and for a point at the interior of the discretized portion of the model, θ/(π/2) = 0.5. Results are normalized with respect to σ √ πa and compared with that reported in Ref. [50] . Computed values show to be almost independent with the integration volume, and constant along the crack front. Their deviation from the reference value is around 5%, which is considered adequate enough for the mesh used.
Results for the torsion load case are presented in table 2, and normalized with respect to σ √ πa. In this case the deviation from the reference value is less than 3%. On the other hand, the smallest integration volumes (r/a = 0.25) do not allow obtaining accurate results and they are excluded from the analysis. 
Tension panel with a slant interface crack
This second example deals with a crack under remote mixed load conditions. It consists of a thin panel with a slant interface crack rotated θ = 45 • with respect to the horizontal, and subjected to a uniaxial remote tension σ. A schematic representation with the problem geometry and dimensions is depicted in fig. 10 together with a view of the deformed mesh. Specimen dimensions are a = 2.5 mm, b = 2a, h = 3b and t = a. The model is divided in two zones and discretized using 842 nodes and 171 boundary elements. Normal displacements of the model lateral faces are restricted in order to simulate a plane strain condition and allow comparison with results from the bibliography. Twenty elements are used in the crack discretization. Only one element is placed in the direction of the thickness of the model. Six rings of cells with radii r/a = 0.167, 0.33, 0.5, 0.666, 0.833 and 1 are accommodated around the crack front for K computations. With this purpose 44 cells are employed. Two sets of materials properties are considered. For the first analysis the plate is considered homogeneous, and thus, identical material properties are used for both zones. For the second analysis a set of dissimilar material properties is considered with E 1 /E 2 = 10 and ν 1 = ν 2 = 0.3. Computed stress intensity factors are presented in tables 3 and 4 for the homogeneous example, while the results for the bimaterial case are reported in tables 5 and 6. All values are normalized with respect to σ √ πa and compared to those reported by Miyazaki et al. [23] . Very good agreement is achieved between the obtained results and those from the reference.
Thick tension bimaterial plate with a center interface crack
For a three-dimensional study, a bimaterial plate containing a through crack on the interface is considered. A schematic representation of the problem geometry and dimensions is depicted accurate results, and so they are not reported. Reference values are those reported by Raju and Newman [51] , and presented in a polynomial form by Aliabadi [52] . Excellent agreement is found between the reported and computed J -integral results throughout the specimen thickness. The same behavior is found for the K results, except for the point located on the free surface (z/t = 0.5) where the boundary layer effect takes place and the computed values are misleading due to the dominance of the corner singularity [45, 46] . Regarding the reference values it is worth to note that they were calculated using FEM with a reported accuracy of 5% for the stress intensity factors. Since the reference values for the J -integral are obtained from their stress intensity factor counterparts using eqn (5), their accuracy is reduced to around 10%. Note that with the only exception of the stress intensity result at position coincident with the free surface, the deviation of the computed results from the reference is always smaller than the reported accuracy for the reference. J -integral and stress intensity factor results for the bimaterial plates are plotted in figs 12 and 13-15, respectively, together with the reference values from by Raju and Newman [51] for the homogeneous plate. Error bars indicate the accuracy of the reference values. Results are normalized with respect to the J -integral and stress intensity factor values for a crack in a infinite bimaterial plate given by J o = (K) 2 /[E * cosh 2 (πε)], and K = σ ∞ [(1 + 4ε 2 )πa] 1/2 where E * is the effective elastic modulus defined in eqn (6) .
Results in fig. 12 allow seeing the dependence of the J -integral behavior along the crack front with the material mismatch. Taking the homogeneous case as a reference value, the increment in the oscillatory index ε induces a reduction in the value of J in the zone close to the specimen mid-plane (z/t = 0), where a plane strain condition prevails. For the crack front positions close to the free surface (z/t = 0.5), the J -integral values present a strong dependence with the material mismatch. It can be observed that for low ε values, J -integral remains almost constant or decreases towards the free surface. On the other hand, high values of ε make the J -integral level to increase towards the free surface. This same general behavior has been reported by Nakamura [42] , who studied an interface crack embedded in a thin infinite bimaterial plate (2b = 2h = 60a, t = a/10) using high-resolution FEM models. Nakamura's results [42] are reproduced in fig. 16 , for two different situations. The first one corresponds to bimaterial combinations that although dissimilar, their oscillatory behavior in the asymptotic stress field disappear as they yield ε = 0. The second www.witpress.com, ISSN 1755-8336 (on-line) Figure 15 : K III along the crack front for various bimaterial combinations.
Figure 16: Normalized energy release rate along the crack front for the interface crack in a thin infinite plate with various bimaterial combinations (from Nakamura [42] ).
situation corresponds to the limiting case given by an elastic-rigid substrate model with a mismatch ε = 0.1255. It can be observed that while the J -integral values diminish towards the free surface for all the material combinations with ε = 0, for the elastic-rigid substrate model they increase. This behavior is attributed to the much greater level of shearing condition affecting the crack tip-field. In the same sense, results by Nakamura and Parks [53] have shown that the behavior of Figure 17 : Normalized stress intensity factor components along the crack front for an interface crack in a thin infinite plate (from Nakamura [42] ).
energy release rate along the crack front is directly related to the amount of in-plane and antiplane shear in the crack front surrounding region. In a bimaterial plate, even in the absence of any remote loading, the antisymmetrical conditions are induced by the material mismatch along the interface. Figures 13-15 show the variation of the stress intensity factor components along the crack front. Due to the relatively small bimaterial mismatch the tensile force is dominant and values of K II and K III are relatively small when compared to K I . Near the free surface, the amplitudes of both antisymmetrical modes increase, while K I shows a similar behavior to that exhibited by J -integral. Similar results are also reported by Nakamura [42] for the case of thin plates with ε = 0 (see fig. 17 ). The obtained results allow concluding that although K I exhibit a general behavior similar to that of J -integral, K I level is dominated by the relative stiffness E 2 /E 1 instead of the oscillatory parameter ε. As can be seen in fig. 13 , the increment of E 2 /E 1 is accompanied by a decrement in the K I level at the interior of the specimen. In this context it is worth to note the response of the glass/epoxy bimaterial, which although having the largest ε, its relative stiffness E 2 /E 1 = 25 makes the K I results to behave very close to those obtained for E 2 /E 1 = 20. On the other hand, the oscillatory index governs the behavior of K II (see fig. 14) . In this case, small values of ε induce the highest values of K II , which monotonically diminish with the increment of ε. Finally K III behaves almost independent of both ε and E 2 /E 1 , as can be seen from fig. 15 . plies with different fiber orientations, resulting in sufficient stiffness in more than one direction.
Mechanical loading of such structures also induces a load perpendicular to the fiber in the plies oriented normal to, or at an angle, with the load direction. The main cause of early failure of the transverse ply is the heterogeneity of the material. It has been shown that a global strain of 1% already gives local strains of more than 5% [54] . An irregular packing of fibers, due to the inhomogeneous fiber distribution increases the effect. Due to this local stress concentration, the macroscopic transverse failure strain is, in most cases, considerably lower than the longitudinal failure strain. In all loading directions, the macroscopic behavior of unidirectional fiber-reinforced-composite materials is strongly influenced by the phenomena occurring at the fiber scale. In longitudinal as well as in transverse direction, the stress transfer from the matrix to the fibers governs the mechanical behavior of the composite, as the failure process is mainly determined by the strength of the fiber/matrix adhesion. The behavior in transverse direction is even more sensitive to change at the microscale level. The stress concentrations around the fibers lead to micro-crack initiation, which will grow along a ply to become a complete transverse crack. An example of this phenomenon is illustrated in fig. 18 .
A fiber/matrix interface crack is a particular case of a crack between two dissimilar materials. It has been shown in Section 2, which for this problem a small contact zone exists even in pure transverse tension of straight-line interface cracks. However, the situation changes for arcshaped debonds at the interface of a circular fiber if the arc size is large [16, 17] . Under these circumstances, exact analytical solutions based on traction-free boundary conditions at the crack faces show that an extensive region with negative opening (overlapping) before oscillation of the solution may, depending on the debonding length, arise, Toya [55] . The problem must be under these circumstances modeled in accordance with Comninou conclusions [38] as appears in fig. 19 , [16, 17] . Region I represents perfect bonding between fiber and matrix whereas regions II and III represents the debonded part, region II corresponding to the contact zone and region II corresponding to the opened part of the debonded zone. The nature of the contact problem represented in fig. 19 makes the size of the contact zone be independent of the value of the applied stress σ. The size of overlapping predicted by the analytical solutions as well as the contact zone predicted by the BEM model is shown in fig. 20 , a physical explanation of the relative values of these two zones being given in [16] . It can be noticed that when the debonding starts to reach approximately 60 degrees a contact zone of physical meaning can be detected [16] .
The problem of the fiber-matrix interface crack has been extensively studied using 2D BEM models by Paris et al. considering the role of the biaxial state of stress in the energy release rate by the interface crack and its influence in the failure criteria of a laminate [56] and considering the possibility of kinking of the interface crack [57] .
In what follows the numerical tool devised in the previous sections is employed in order to take into account the three-dimensional character of the problem and to evaluate the representativity of the results obtained from two-dimensional models. This three dimensional model will in any case allow in the future the possibility of the interaction between longitudinal and circumferential growth of the crack to be studied. Figure 21 illustrates the strategy proposed for the idealization of the BEM model fig. 21(a) corresponds to a micrograph in the direction transversal to the fibers in unidirectional glass/epoxy laminate. It can be observed that although the fibers are distributed almost homogeneously, there are regions of the laminate that are rich in matrix. In order to limit the model size, it is assumed in this work that the fibers are packed in a periodic square array and that the damage takes place in one of the fibers by a pair of symmetric cracks running circumferentially between the fiber and the matrix (see fig. 21(b) ). At the same time the behavior of the remaining portion of the laminate is idealized as transversely isotropic, with its isotropy plane perpendicular to the direction of the fibers (plane xy in the figure) .
Boundary element model
The BEM model composed by three regions with three planes of symmetry as depicted in fig. 21(c) . Regions I and II (isotropic) are used to model the representative volume element given by the fiber and the matrix around it, while Region III (transversely isotropic) models the effect of the remaining portion of the laminate and provides boundary conditions to the zone of interest.
Model dimensions are given in fig. 21 (c) as a function of the radius of the fiber R, and in such a way that the fiber volume fraction represents 60% of the representative volume element. Model thickness is t = 1.5 R. The debond angle is selected α = 37 • in order to avoid the crack face contact. Elastic properties of the fiber are E f = 7.08 × 10 10 MPa and ν f = 0.22, and E m = 2.79×10 9 MPa and ν m = 0.33 for the matrix. The oscillatory index for this bimaterial combination is ε = 0.074. The properties for the transversely isotropic material are E 1 = 8.9 × 10 9 MPa and ν 12 = 0.27, and E 3 = 43 × 10 9 MPa and ν 13 = 0.06 for the isotropy plane and the direction of the fibers respectively (see coordinate system in fig. 22 ). The discretized model geometry is illustrated in fig. 22 . It consists of 291 elements and 1353 nodes. Forty-nine elements are used for the crack face discretization. Four rings of cells with radii r/a = 0.18, 0.28, 0.39 and 0.46 are employed for J -integral and stress intensity factor computations. The number of cells used with this purpose is 252.
The model is analyzed considering five different material combinations. The first case is devised for validation purposes and to allow comparison with two-dimensional results. With this idea all the three regions of the model are considered isotropic and with the elastic properties of the fiber (note that this assumption reduces the problem to that of a circular arc crack in a homogeneous panel). At the same time the displacements in the direction of the thickness are restricted in order to obtain plane strain conditions. The other four cases are devoted to study the influence of the material properties of Region III on the fiber/matrix interface crack behavior. Thus, in the second case the event of a single fiber in a homogeneous panel is considered, and so the elastic properties for Region III are set identical to those of the matrix material (Region II). Cases three to five assume a transversely isotropic behavior for Region III. In case three, elastic properties of Region III are those of the glass/epoxy laminate given in the previous paragraph, while cases four and five consider the two limiting cases for which the elastic properties of the isotropy plane coincide with those of the fiber (E 1 = E f , ν 12 = ν f ) and the matrix (E 1 = E m , ν 12 = ν m ), respectively.
Results and discussion
J -integral results obtained along the crack front for the five material combinations are plotted in fig. 23 . The origin of the normalized coordinate z/t corresponds to the specimen mid-plane, and all values are normalized with respect to the J -integral result for a 2D crack in an infinite bimaterial plate
and E * is the effective elastic modulus for the fiber/matrix bimaterial combination. As is expected, the planestrain homogeneous model results in a constant J -integral value along the complete crack front. On the other hand, the model of the single fiber presents the strongest 3D effect, with the most Figure 24 : Optical micrographs of initiation of debonding in a transverse test (from Ref. [54] ). marked variation of the J -integral value along the crack front. Its largest value takes place at the free surface (z/t = 0.5). This same behavior has been observed in Section 5.3 when the thick tension bimaterial plate was analyzed for the largest material mismatch. If the effect of the fibers in the laminate is considered (results labeled as "fiber in laminate" in fig. 23 ), the large stiffness of the specimen in the direction of the thickness makes the crack to behave as in the plane strain model, and a constant J -integral value is obtained along the complete crack front. The two other sets of results correspond to the limiting cases for which the elastic properties of the isotropy plane are taken the same to those of the matrix and the fiber respectively. When the elastic properties are those of the matrix, the J -integral value is almost the same to that obtained for the single fiber example at the interior of the specimen, but it drops at the free surface. Note that this behavior is coincident with that reported in Section 5.3 for the example of the thick tension plate with the lowest material mismatch. Finally, when the elastic properties of the isotropy plane are those of the fiber (the most rigid of all cases analyzed) J -integral presents its lowest level, and similarly to the homogeneous case, it presents a constant value along the complete crack front.
The above results allow explaining experimental observations as those reported by Meurs [54] , who tested a single glass-fiber-reinforced specimen in transverse loading. The vicinity of the upper and lower specimen surfaces are shown in fig. 24 for four increasing load steps (σ 1 to σ 4 ). In each micrograph, the locations of the fiber ends are given by the dotted lines. Note that in accordance with the numerical results for the single fiber example; debond crack initiates at the specimen surface, where the maximum J -integral value is achieved. It is also worth to note that this analysis for single fiber can be assimilated to the situation in an actual laminate for which an irregular packing of fibers due to inhomogeneous fiber distribution leads to a zone rich in matrix.
Stress intensity factor results are presented for the three modes of cracking in figs [25] [26] [27] . angles. In order to validate the three-dimensional results, a two-dimensional propagation model is also analyzed for the homogeneous case using the DBEM software CRACKER [58] . Stress intensity factor results obtained for the two-dimensional model and those of the three-dimensional models at z/t = 0 are very good, with a difference less than 2%. portion of the crack front in the vicinity of the free surface. Results for K II (see fig. 26 ), show a strong three-dimensional effect in the case of the single fiber, and when the elastic properties in the isotropy plane are those of the matrix. For these two cases, K II markedly increase in the vicinity of the free surface. Finally, the behavior of K III (see fig. 27 ) is similar to that observed for the bimaterial thick plate of Section 5.3. For all material combinations K III increases towards the free surface, showing a strong dependence with the material properties.
The analysis of the phase angles (see Section 2.4) show that the ratio K II /K I is almost constant for all the cases studied, except for the homogeneous one. Thus, the phase angles ψ along most of the crack front for the fiber/matrix cases are in a range from 9 • to 15 • , while for the homogeneous case ψ = 40 • . This last value is in accordance with the propagation path computed using the two-dimensional DBEM model, for which a propagation angle ψ = 44 • was obtained (see fig. 30 ). This propagation angle makes the crack in the homogeneous case to rapidly orientate in the direction perpendicular to the remote load, while for the fiber/matrix cases it will tend to propagate very close to direction of the interface. These results are reaffirmed by experimental observations like those of Meurs [54] , who found that adhesive propagation along the interface prevails for these cracks. At the same time it is worth mentioning that the quality of the fiber/matrix adhesion plays a key role in the behavior of the cracks, as relative weak adhesion will facilitate the propagation along the interface. Note that the numerical results reported in this work always consider a perfect adhesion between the fiber and the matrix. Finally, the three-dimensional effects on the phase angles are mentioned. Results in fig. 28 for the first phase angle show that for crack positions close to the free surface the propagation angle ψ increases with respect to its value at the interior of the specimen. A similar behavior is found for the phase angle φ (see fig. 29 ), this demonstrates that the anti-plane component of the propagation angle also increases at the free surface.
Conclusions
In this chapter, a boundary element methodology for the three-dimensional analysis of bimaterial interface cracks has been presented, together with the details of its numerical implementation.
The interface crack analysis is addressed using a multidomain BEM formulation in order to account for the different material properties at both sides of the crack. Fracture mechanics parameters, namely J -integral and stress intensity factors, are computed along the crack front using the EDI and the M 1 -integral methodologies. These are implemented as a post-processing technique, and so it can be applied to the results from a particular model at a later stage. The implementation takes advantage of the efficiency of the boundary integral equation to directly obtain the required displacement derivatives, stress and strain fields from their boundary integral representations. The efficiency and accuracy of the proposed implementation is demonstrated by analyzing a number of examples, and their results compared with those available in the bibliography.
The three-dimensional analysis of an application example consisting in a fiber/matrix interface crack in a unidirectional glass/epoxy composite subjected to transverse loading closes the chapter. Obtained results show the key role played by the relative elastic properties of the fiber, the matrix and the laminate on the state of mixed mode fracture. The case of a single debonded fiber in a homogeneous panel constitutes the most severe condition, as it presents a large material mismatch with low lateral constraint. On the other hand, a fiber in a laminate behaves very similarly to a plane-strain case analysis, showing that three-dimensional effects are very weak for this case. Finally, the computed mixed-mode stress intensity factor show, that for most of the material combinations studied, K I does not present important variations along the crack front, including the region in the vicinity of the free lateral surface. In contrast, the boundary layer effect is marked for K II and K III . The difference between the properties of an interface crack under anti-plane strain and a mode III crack in an homogeneous medium is quite modest, as the displacement and stress fields at each side of the interface are the same to the mode III of separated homogeneous bodies [59] . In this way 
